We examine the quantum Hall (QH) states of the optical lattices with square geometry using Bose-Hubbard model (BHM) in presence of artificial gauge field. In particular, we focus on the QH states for the flux value of α = 1/3. For this, we use cluster Gutzwiller mean-field (CGMF) theory with cluster sizes of 3 × 2 and 3 × 3. We obtain QH states at fillings ν = 1/2, 1, 3/2, 2, 5/2 with the cluster size 3 × 2 and ν = 1/3, 2/3, 1, 4/3, 5/3, 2, 7/3, 8/3 with 3 × 3 cluster. Our results show that the geometry of the QH states are sensitive to the cluster sizes. For all the values of ν, the competing superfluid (SF) state is the ground state and QH state is the metastable state.
I. INTRODUCTION
Ultracold Bosons in optical lattices (OLs) [1] have been the subject of intense research since the experimental realization of Bose Einstein condensate (BEC) in OLs [2] [3] [4] [5] . The rapid developments in the control of BECs in OLs have made these systems an elegant experimental tool to explore the foundations of strongly correlated quantum many-body systems. Till recently, many of these were limited to the realm of theoretical studies. The near ideal, defect free, experimental realizations of OLs make these excellent proxies to explore quantum many-body effects in condensed matter systems. One remarkable recent experimental development is the introduction of synthetic magnetic fields in OLs [6, 7] . This makes the physics of quantum Hall (QH) effect accessible to OLs. An important outcome is the study of Harper-Hofstadter model [8, 9] and observation of fractal spectrum [10] for interacting Bosons in OL with synthetic magnetic field [11] . The scope to investigate the interplay of lattice geometry, synthetic magnetic fields, and strong interactions have made these systems an excellent platform to explore exotic quantum many-body phases.
In the quantum description, the energies of electrons in an external magnetic field are quantized in to Landau levels. These have large degeneracy and in a lattice these correspond to the Bloch bands [8] and is sensitive to applied magnetic field. The key point is the geometrical phase an electron acquires when completing a loop in the cyclotron motion. Thus, neutral atoms in OLs can mimic the physics of electrons in magnetic fields if a geometrical phase can be induced to the atoms. This is achieved through the generation of a synthetic magnetic field in OLs through an artificial gauge potential [12] [13] [14] [15] using lasers. Then, an atom hopping around a single unit cell in the OL, also called a plaquette, acquires Peierls' phase [16] of Φ = 2πα. Where α is the flux quanta per plaquette and it is related to the strength of the synthetic magnetic field. In the condensed matter systems realizing high α require * rukmani20891@gmail.com † soumik@prl.res.in ‡ sukla.ph10@gmail.com § kuldeepphysics88@gmail.com ¶ angom@prl.res.in magnetic fields ≈ 10 3 Tesla. In this respect, the OLs have the advantage that by suitable choice of external as well as internal parameters, various topological states such as fractional QH (FQH) states are obtainable with the current experimental realizations [17, 18] and a variety of FQH-like states can be expected to emerge from these systems.
A paradigmatic model which describes BECs in OLs is the Bose Hubbard model (BHM) [19, 20] . In this model the kinetic energy of the bosons competes with the on site interaction and drives a quantum phase transition (QPT) from superfluid (SF) to bosonic Mott insulator (MI) phase [4, 21] . Various theoretical methods, such as mean field theory [19] , strong coupling expansion [22] [23] [24] [25] , quantum Monte Carlo [26] , density matrix renormalization group [27] have been used to study the role of quantum fluctuation and short range on site interaction on QPT. The SF phase is compressible with finite SF order parameter and phase coherent; MI phase on the other hand is incompressible with zero order parameter and shows integer commensurate filling per lattice site. In contrast to these two phases, the QH states are incompressible states with zero order parameter and have incommensurate filling. Several previous works [17, 18, [28] [29] [30] [31] [32] [33] [34] [35] [36] have theoretically explored the existence of FQH states in OLs using BHM with synthetic magnetic fields, the bosonic counterpart of the Harper-Hofstadter model [8, 9] . These theoretical works have also examined the possible signatures of the FQH states. One of the possibilities is the measurement of two-point correlation function in the bulk and in the edge of the lattice [37] . Such measurements may be experimentally possible using the concepts from quantum information theory [38, 39] .
In the present work we use cluster Gutzwiller mean field (CGMF) theory to provide a better description of the atomatom correlations. It is proven to be more accurate than single site Gutzwiller theory and previous works have also used CGMF theory to study both the integer quantum Hall (IQH) and FQH states. In ref [32] the appearance of incompressible QH ground state in the hard-core limit with stripe order for α = 1/5 and ν = 1/2 is reported. Similarly, using reciprocal cluster mean field (RCMF) analysis, a competing FQH state is reported for α = 1/4 in the recent study by Högel et al. [33] . Motivated by the above observation of QH states, we explore the possible QH states for α = 1/3 with different cluster size in the hard core limit and demonstrate the dependence of the QH state geometry on the cluster size. For the present studies arXiv:1911.08262v1 [cond-mat.quant-gas] 19 Nov 2019 we have considered 3 × 2 and 3 × 3 clusters and report the improvement in the description of the QH states with the increase of cluster sizes. This stems from more accurate accounting of the correlation effect with larger cluster sizes. We have also performed a comparative study between the obtained QH and SF states with both the cluster sizes and detect the emergence of various patterns.
II. THEORY
We study a system of spinless bosonic atoms at T= 0K, confined in a two-dimensional (2D) optical lattice of square geometry under the influence of artificial gauge field [6, 7, 11, 40] . In the Landau gauge A = (A x , 0, 0) with A x = 2παq, the system is described by the following Hamiltonian [11, 17, 18, 20, 30] , BHM Hamiltonian where Peierls substitution is incorporated in the nearest-neighbor (NN) hopping [8, 9, 16] ,
(1) j ≡ (p, q) corresponds to the lattice site index where q is the index of the lattice site along y-axis,b j (b † j ) are the bosonic annihilation (creation) operators,n j is the occupation number operator at j th lattice site, J x ( J y ) are the hopping strengths between two neighbouring sites along x (y) direction, U corresponds to the on-site interaction and µ is the chemical potential. Based on the experimental realizations, we consider isotropic hopping J x = J y = J, and repulsive on-site interaction energy (U > 0). In presence of synthetic magnetic field, the atoms acquire a phase 2πα upon hopping around a plaquette, where, α is the number of flux quanta per plaquette, and it has values 0 ≤ α ≤ 1/2. In the absence of synthetic magnetic field (α = 0), the Hamiltonian (1) reduces to the familiar BHM Hamiltonian which admits two possible phases -MI and SF [4, 19, 20] . The MI phase appears in the strongly interacting regime (J/U 1), while SF phase occurs in the limit (J/U 1). In homogeneous system, where the OL does not include any background potential, the phaseboundary between MI and SF forms lobes of different fillings and in presence of magnetic field the MI-lobes are enhanced [41] . We employ the single site Gutzwiller mean-field method (SGMF) and CGMF to analyze the system in presence of synthetic magnetic field and obtain the QH states.
A. Mean Field Theory And Gutzwiller Approximation
Following the mean-field [42] calculations of the BHM, we decompose the creation and annihilation operators in Eq. (1) into mean field and fluctuation around the mean-field, that is,
Neglecting the term quadratic in the fluctuations, the mean-field Hamiltonian iŝ
We can, therefore, express the total Hamiltonian as the sum of single site mean field Hamiltonianŝ
The next step is to diagonalize the Hamiltonian (2) for each site separately. For this, we consider the Gutzwiller ansatz, that is the ground state of the entire lattice is the direct product of the ground states of all the individual sites, and can be written in the Fock basis as
with the normalization condition n |c (j) n | 2 = 1. Here, N b is the occupation number state maximum number of particles at a site and c (j) n corresponds the complex co-efficients for the ground state |ψ j at the jth site. Gutzwiller ansatz is the exact solution of the system in the strongly interacting regime (J U ). For the numerical computations, we consider N b = 10 and choose an initial guess of φ. Then, we diagonalize the Hamiltonian for each site and retain the ground state as the state |ψ j in |Ψ GW . Then, using this |ψ j , we calculate new φ for the next iteration and this cycle is continued till convergence is reached. To distinguish the different phases, we compute the SF order parameter at each site, and for the jth lattice site SF order parameter is
From the above expression it is evident that φ j is zero in the MI phase of the system since only one of the co-efficients in Eq. (4) is non-zero, and it is finite for the SF phase due to the different c n s contribution. We also compute the average lattice occupancy or density at each of the lattice site as
These are the essence of SGMF theory.
B. Theory of CGMF
In the SGMF Hamiltonian Eq. (4), we decouple the hopping terms between two neighbouring sites by considering the mean field or SF order parameter φ. Thus, we could write the Hamiltonian of the entire system as the sum of Hamiltonians of individual sites and implement it as a site wise computations. However, this approximation is inadequate to incorporate the correlation effects arising from the NN hopping. To remedy this short coming, which assumes great importance to describe strongly correlated states like QH states, previous works have relied on CGMF [32] . To derive the CGMF Hamiltonian, we consider the entire lattice size as K × L, which we divide into W clusters (C) of size M × N , i.e., W = (K × L)/(M × N ). The case of M = N = 1 corresponds to the SGMF theory. In CGMF Hamiltonian, the hopping term is decomposed into two parts. First is the actual hopping term in the internal link of the cluster(δC) and the second term takes care of the boundary via mean fields. Our recent study [36] describes the decomposition of hopping term and CGMF method more clearly. After decomposition, the Hamiltonian for a single cluster(C) is expressed in the following waŷ
where a p,q = p ,q ∈ C b p ,q . Then, we use Gutzwiller ansatz and the local cluster wavefunction in a Fock basis can be expressed as |ψ c = n1,n2,...,n M N C n1,n2..,n M N |n 1 , n 2 , . . . , n M N , (8) with n i being the index of the occupation number state of ith lattice site within the cluster, and C n1,n2,...,n M N is the amplitude of the cluster Fock state |n 1 , n 2 , . . . , n M N . Here also, the total Hamiltonian of the system can be written as the sum of all the individual cluster Hamiltonians [43] . The SF order parameter φ is computed for each cluster in the similar way as discussed in SGMF method. The next step is to find the ground state and we adopt the similar process as is described in SGMF theory. We take the initial solution for φ, construct the Hamiltonian matrix elements for a single cluster and diagonalize it. After diagonalization, we consider the lowest ground state |ψ c for the cluster and calculate the new φ and repeat the cycle until we get the converged solution. Here, it is worth to be mention that in case of CGMF, the convergence is very sensitive to the initial conditions [32, 34] and we use the method of successive over-relaxation for the better convergence [44] . 
III. RESULTS AND DISCUSSIONS
We start our computations by considering a single cluster for α = 1/3, with 3 × 2 and 3 × 3 clusters. We choose these clusters as Hamiltonian becomes periodic over a 3 × 1 magnetic unit cell in the Landau gauge for this flux value of α. We obtain QH states from the CGMF and characterize them based on the compressibility κ = ∂ρ/∂µ, where the density for the cluster is ρ = j ψ c |n j |ψ c /(K × L). As the QH states are incompressible κ = 0 for these states, and κ is finite for the compressible SF states. Therefore, ρ(µ) of QH states has plateaus for different fillings ν and ρ(µ) is linear for the SF phase. In the Fig. 1 , the plateaus corresponding to constant ρ indicate the existence for the QH states. Our computations, as mentioned earlier, are in the hard-core boson limit where ρ < 1. We obtain the QH states at ν = n/2, with n = 1, 2, .., 5 by taking the 3 × 2 cluster, and at ν = n/3, with n = 1, 2, .., 8 by taking the 3 × 3 cluster. The QH states are enhanced with the larger cluster size as mentioned above.
Here, 3 × 3 cluster is close to exact diagonalization (ED) as the central lattice site has exact hopping contributions from the nearest neighbor sites. And, indeed, the diagonalization of the cluster can be transformed into ED with minor modifications in the computations of the Hamiltonian matrix elements. One main reason for enhancement in the QH states with 3 × 3 cluster is that it describes correlations effects more accurately compared to the 3 × 2 cluster and hence, the results are more accurate. Further, we show the density plots for the QH and SF states for the larger lattice system. For this, we take 12×12 lattice sites and J/U = 0.01. This system size, and hopping energies are kept the same for all the QH and SF states discussed in the rest of the manuscript. The IQH state at filling ν = 1, µ/U = −0.008 with density ρ = 1/3 is shown in Fig. 2 . The IQH state has stripe pattern with 3 × 2 cluster and transforms into checkerboard pattern with 3 × 3 cluster. The transformation from the stripe to checkerboard pattern is observed for the other IQH state of ν = 2 as well. We observe that all the IQH and FQH states have stripe pattern except the ν = 3/2 state, which has homogeneous density with ρ = 0.5 with 3 × 2 cluster. And the corresponding SF states have a zigzag pattern in the density ρ and in the SF order parameter φ. One of the FQH state for ν = 5/2 and corresponding SF state is shown in the Fig. 3 . As discussed earlier, we do not observe the half integer FQH states with 3 × 3 cluster, but do observe the FQH states at the one third fillings. One of the FQH and SF state with 3 × 3 cluster for ν = 1/3 is shown in the Fig. 4 . Here, with 3 × 3 cluster, we observe all the FQH states have checkerboard pattern and all the SF states have the diagonal stripe pattern. We find that in all the cases SF states is the ground state and QH state is metastable state. 
IV. CONCLUSION
We obtain QH states by considering the two cluster sizes as 3 × 2 and 3 × 3 in the CGMF theory. With the larger cluster 3 × 3, we approach ED as the CGMF provides exact description of the hopping term for the central lattice site. We obtain QH states with fillings ν = n/2, n = 1, 2, .., 5 and corresponding density ρ = n/6 with 3 × 2 cluster size. However, with 3 × 3 cluster, we obtain a larger set of QH states with fillings ν = n/3, n = 1, 2, .., 8 and corresponding density ρ = n/9. We also observe the competing SF states corresponding to all the QH states. We find that the SF state is the ground state and QH state is metastable state in all the cases. We have demonstrated that the QH states change geometry from stripe to checkerboard by switching 3 × 2 to 3 × 3 cluster size. On the other hand, SF state has zigzag pattern with both the cluster sizes, specially with 3 × 3 the zigzag pattern is equivalent to diagonal stripe pattern. Thus, we have established that to obtain correct density pattern of the QH states, it is essential to consider larger cluster sizes in the CGMF theory.
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